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by

N. L. Bonavito
Goddavd Space Flight Centev

SUMMARY

This report presents the orbit improvement method by which
mean or Izsak elements that exactly factor Vinti's two quartic
polynominals are determined by comparison with observations.
Also included are analytic partial derivatives for the first order

Taylor expansion of the conditional equations.
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DETERMINATION OF MEAN ELEMENTS FOR
VINTI'S SATELLITE THEORY

by

N. L. Bonavito
Goddayd Space Flight Centey

INTRODUCTION

The classical problem of the determination of an orbit of an asteroid from three observations
is a rather difficult one. In determining the orbit of an artificial earth satellite, most of this dif-
ficulty can be avoided through modern tracking techniques. These techniques provide a reasonably
good set of initial conditions and therefore orbital elements; this gives an orbit. Comparing this
orbit with one obtained, for example, by radio methods (which gives a good determination of
directions) we can reduce the problem of improving initial orbital elements to a differential one.

Assuming the orbital elements are to be determined by an iterated least-square fitting of the
solution to many revolutions in the orbit results in a set of elements introduced by Izsak; namely,a,
e, Ny By By, and By This provides the immediate factoring of the quartics F(p) and G()
(Reference 1). This is in contrast to the numerical factorization of these quartics to the second
order in the oblateness parameter k,, as shown in the section on prime constants. Also, inaccu-
racies of the initial observations are taken out, and the effects of forcesnot considered in the theory

are accounted for in producing this mean set of elements.

First partials for the normal equations are derived for use in the method of direction cosines.
Since the quantities 3E/3q,, dy/dq,, and 3¢/3q, (where q, for i = 1,2, «., 6, are a, e, 1y, 58, , 5,
and 5, ) are completely general, and functions only of the theory, then first partials for use with any
method of tracking whatsoever, can be written down immediately. The procedure for obtaining
O9E/dq, 5 o¥/3q,, and 3¢/ 3q, is given and appliedin the section on the partial derivatives. By inserting
coordinates obtained from initial conditions for each specified time of observation (Reference 2)
into the normal equations, the results of the iterated least-square procedure will produce the Izsak
elements and, consequently, coordinate predictions. Classically, the initial coordinates of the sys-
tem point have been shifted in p, q phase space, such that the continuous evolution of a canonical
transformation with this new value of the Hamiltonian produces a motion of a mechanical system
consistent with observation, in this case the satellite orbit.



STATEMENT OF THE PROBLEM

If L, andM, denote the values of the observed direction cosines of a satellite for a given time
of observation, then the corresponding computed values of these functions are

L = X

e I ———
V 2 2 2
Xt Vm t %,

where x_,y , and z_ are the corresponding local coordinates:

Xn x Xt
Yol = (AI)‘I y o Yr
z, z z,

The values x, y, and z define the satellite's coordinates with respect to an earth-centered, right-
hand, orthogonal inertial system; x., y, , and z, are the coordinates of the observation point; and

the matrix A, rotates the local x_, y_, z frame parallel to the inertial x, y, z. The functions are
then

[ap™ ¢-D),
{0 @mlie o o+ [ ot}

(A7t c-m)), ,
{[(AI)—I (f-—T)]: ¥ [(Ar)—l (f—T)]z +[(AI)‘1 (§-T)]Z}l/2

where

X XT
E=1y and T = | y;
z z

The subscripts 1, 2, and 3 denote the rows of the product matric (a,)"* (¢-T). Thus, the func-
tions are obtained for a specified time of observation by inserting into the matrix ¢ those values of
the earth satellite coordinates computed with the Vinti orbit generator (Reference 2).



THE PARTIAL DERIVATIVES

If the following substitutions are made in the ¢ matrix:

X = VF(,O2 + 2y (1-72) cos ¢,

y = ¥ (& +c2)(1 =) sin ¢,

z = p7,

where

p =a(l-e cos E),

N =7, siny,

then the computed direction cosines L_ and M, can be expressed as functions of the six parameters
a, e, 1, E, 4, and¢: Here a and e are the semimajor axis and eccentricity and =, is related to the
orbit inclination by the expression 7 = sin I. The parameters E and ¢ are uniformizing variables

defined as the eccentric anomaly and a variable analogous to the argument of latitude, respectively
The element ¢ is the geocentric right ascension.

In the expression

x_ sy, and z_are functions of the quantities a, e, 702 Es ¥, and ¢, where E, ¢, and ¢ are in turn func-

tions of the elements a, e, 7., 8,, 8,, and 8,. Since the local coordinates are themselves functions
of the computed interial coordinates, if we denote any one of the elements by q, then

oL °9L_ 9x 9L 9y OL_ 9z
9q;, ~ 9x_ 9q; +3ym °q; + dz qu’



with

oL, 1 Xn -
3% - 3/2 00
ox, Vx2+y?+2? (x:‘+yf1+z31)
oL X0 Y
= 3/ = oy
Vo (x2 432 zl)

BLC -x. 2z,
B2 e,z N0
(x2 +v5 +27)
Since
Xm X X.l.
v, | =AMy | @ty |
Zm z ZT
then
ox d3x
aq1 Bq1
dy 3
= _ -1 y
aqi - (AI> aqi
dz dz
9q dq

since the x, y;, and z are independent of q,- Substituting p = a(1 - e cos E) and 7 =7, siny into

V(P +c?)(1-7%)cos ¢.
V(e? +c2)(1 =7 sin ¢,

»
1]

<
1

gives

X = }/[32(1—e cos E)? +c? (1-m2 sin?}) cos ¢,




y = }/[az(l—e cos E)? +c2] (1—7;3 sinZ\/J) sin ¢,

z = a(l-ecos E)n, sin .

Differentiating x, y, and z with respect to a, ¢, 7n,, 8,, £#,, and 5, and placing this in the partial
matrix yields ox_/3q, , 3y/3%; , and 93z /3q; . :

The following procedure is used to determine 3g/3q,, 3y/9q;, and 3/3q,, where q;, =a, e, 7,,
By By, 0rB,

With the expressions on page 199 of Reference 1, we compute:

oM
1s and s ,

qu aqi

1.

2. a& from the Kepler equation,

3q,
dv, .
3. 5o by using v =M; + vy, E =M, + E; = £, and the anomaly connections,
9
4 o
3q,
5. M
3q,
6. Bi,
aqi
1. zvl ,byusing v =M, + v, +v;, E=M, +E +E =€ +E , and the anomaly connections,
9;
81,[/1
8. 3a
q;
oM
9.
3q,
JE oE
3 . . 3
10. & , which gives ai = i+_1 +_2,
aQi aq1 aq1 aql Bql



dv .
11, _a_%,byusmg v=M, +v,+v, +v,, E=M, +B, +E, +E, =€ +E +E,, and the anomaly

i

dv oM dv ov dv
connections which gives 3_2 = ° ! 2

—t — + —— + —
q; 9q; 9q; 9q; O9q

»

R VR A
12. 2 which gives X = —0 ! ,
9q, J d9q, 9q +3qi * 9q; -‘-aqi
X
13. ga‘i’
99
14. ga—l

9L
If everything is now substituted back into the equations for a—qf,

i

BLC
2a Koo Ky +Koy Kyy +Kg3 Koy,

"

oL
c
de KooKZS +K01 K24+K02K25'

oL
<

ﬁ = Koo Ky * Koy Kyy Koy Ky,

oL
<

38, Koo Kpg * Koy Ky T Koo Kyys
1

oL
c

38, Koo K3z T Koy K33 ¥ Koy Ky
2

oL

34 = Koo K35 T Koy Ky * Koy Ky
3

In computing these terms, in addition to the use of the mutual constants (Reference 2) the following
expressions are utilized:



where

p = a(l - e?),

D' = D+4a%c?(1-72),

= -2ac?D"1(1 - 73) (ap - <03},

1
b, = - =A,
1772
b2 _Bl/2,
-1
a _—.-—(a+b1) ’

ox dy .
K,o = gcos N +Es1n Yas

= (ap-c?) (ap- c?7}) + da’c?n?,

2

1/2



ox . . 9 . oz
K,, = —gzsml/zA sin 9D+—B—Zcosn/}A sin 9D+EC°S 91)’

=
i

Ox _. ° dz .
22 ismn/JAcosQD——égcosprcos@D-ka—:-sm@D,

ox oy .
Kaa =50 at 5o sindn
K - Bx . l/} . 9 ay . 9 Bz 9
24 ,_-ggsm , Sin D+_(;cost//Asm D+$cos o

9
K,g = _£ siny, cos & - 33—; cos i, cos O + g—z sin 6.,

ox oy .
= ——cosy, + — siny,,
26 A A
M, 37,
ox ) Jdy ) oz
K,, =~ .8_770 siny, sin & +B_770 cos Y, sin g +-a7o cos Oy,
ox Ay 9 2 dz
K,, = — siny, cos 6, - — cos Y, cos + — sin&..
28 A D A )] D
7 7 3m,
In these equations
dx X JE xng sin Y cos Y ey 3¢
=— = ——— a(l-ecosE l-e E + 'E-—>“— — -y —
da o2 +c? ( cos E) < cos aesint 1- 773 sin? ¢ Jda da
ox x 3 x 12 sin Y cos 9 P
3", 5 a2(1-ecosE)(esinE:§:-—cosE> ——n—o—i—~i -—f _y—(b,
¢ p?+c? € 1 —ngsin2 W de oe
Ox x JE d¢ xn2sin Y cos X7, sin?
3_: —— a?esinE(l-ecosE) 3 -y — -%—lu % - M
o o2 +c? "o 97 1- 77(";sir12 v 97, 1-n2sin?
dy y °E y 712 sin Y cos
— =—— a(l-ecosE) <l—ecosE+aesinE a—-) A -8_¢+x _af,
da Pt +c? a 1 --'r)gsin2 Wy %a %a



dy y y 72 sin y cos ¢
— =———— a%(l-ecosE) (esinE ?E—COSE> A R s G +x325,
de o? 4 2 de 1- "78 sin? ¢ de de
oy y d 9¢ 2 sin \ cos sin?
5 = ——azesinE(l—ecosE);— +x-,a——_y770 v ¥ Yy YT St i ,
2 - —_—
o Pic T "o 1- 773 sin? ¢ 37]0 1- 7]3 sin? ¢

oz ElY) , . 3E
3a = (1 -ecosE) (T)o siny 4+ amn, cos'lﬁg +ae7,;sinysinE 33’

°z_ . oy i . . JF

Je 51770(1--ecosE)c05l,11a—e +amn, siny esmEa—e-cosE>,

Oz oy 3E

5—= (l-ecosE)lasiny +an,cosyy — |+ ae7n, sinysinE —.
aT]O 37’)0 3170

Now

3P M Dy Y By,
— = ot — +—

9 7o 2 o ° 7o ° o 9 o

) My e’ 1
“8-:(6 +—e-sin€>

3a \2a ' 3a 1-e' cos€




ob,
(a +by)e-aell + 3a

de’ _
da (a+bl)2
b 1 _9D!? 1 p
—I= b, —+Da +-———(aa—+p)'
da a a ap - c? ng a
dp
—_ = 1 - 2 s
da ©
ap-! - _p? 3D
da Ja
oD ]
Z-sac? + (ap-c?ng + ap-c?) (a —E+P>’
da da

'aD'__BD 21__2.
_a—a-_a—;+8ac( 7)0)

Also
-1

oM, da;? 1 °B, B, BB2> 2
— = 2 2 B! —=— _— 4t = = —<t+/3—c,5a
T 2m {:VIC ,32770 <B1 2 3, + = B, = x 3a | ;
-1

aaz :._a_"2 Eﬁﬁ,

da 2 Qda

D D da da

<2 1/2 9b -1/2
- by oD Dt - c? (1 - )] (1 ¥ a_1> [u(a +b)71]
2 a

9B, _3qaq+15q3 9q
_— = = —_ — -
da 8 %9a 32 da
3¢ 7y oM,

da 7]% da

10

EhY op-1!
+ 2P i+ apD’ ) liapD’D'1 ~c? (l-ng)]

b

1.2 137/1
2 T’oBle)_a; ’

-1/2




By using

b

1 (pD' aD’' 9p
—t — — 4
2.,72(:2 D D Ja
-B:2 a&
2 aa’
1 9q 9 3 9g
29% "6 T 3

1 b 2,2 A N S T b)"]'”2 1
2_77 —(a+ 1+A1 +C TIOAZBle) 5 ( + 1) I + 1 +

..[;L(a +b1)‘1]1/2 (a +b, +A, +c277§ A2B1B;1)'2 l:l

n=2

b
L a2y1/2
+p(l-e”) 2 <p

r=0

ap'&D’+a
D da

]

n=2

(~-1)T (2n=-2r)!

D’ D!
P da /'

rl(n-r)l(n-2r)!

n-2
(bl) r
b2

A
da

3b

1

E

)



where o = (1/2) if n is even, and o = (1,2) (n - 1) if n is odd, then

b g r b.\"" 2r-1 b
3_ P LR 1 Z (=D (2n-2r)! (n-2r) 1 _a 2
%a " \b, 2 L ri(n-r)i(n-21)! b, 2a \b,

. . 3 [P1\-. b,
The coefficient of it is taken as P o)

a\b,

«© -
oA, - Ap 22! +(1“?¢Z n B2\’ 1 i(%) P b R [(l—ez)l/z]
da 2P 53 P p da \p 2 \b n

1/2 n
(1-¢?) <b2> El < 1> 1/2
+ > (2] 5 R () R [a-en]
P n=0 P oa ; b2 i
3 <b2> _ 1% by
%a \ p p %a p?3a

Now
oy dv A1
3 = -1 -1 2 - 2
da =27 {[t +ﬁ1 +B2CL2 (a +b1 +A1)A2 ] E +V2liﬁ2a21(a +b1 +AI) 3
» Ba;l 1y Bbl BAI
+ B,A; (a+b1+A1)—a—a—+,32a2 A; 1+¥+¥ )
-1
BAZ - - A-2 &,
da 2 da
dv b SA
2 -1 2 _2\/? 14 p-t 2.2 -2 1 1
3% —5;{— (az'as) 75 A, B; (a +b, +A ¢ 770A2B1B2) 1+ 37 t5a
) , oA, ) P 9B; !
+C ngBle TS +cC ngAZ B; $+Bl 3a
OA
1/2 . -1 2
+(a§ —ag) 7)(')1 le (a +b; +A, +c? 'r;g A2B1B21) 52

12



o' By .-l B [r2_ ,2\1/2
+h" By (@ +by +A1+°277t2)AzB1B21) a—a[(az-aa) ]

.1 9B;!
+ ((lg— 2)1/2 770‘1 A, (a +b, +4A + 2 7702 AzBle‘l) 1 a;},
172
BI:( g‘ai) ]_ 2 21172 aaZ aaS
da - (a - 3) a, g 33—3 ,
da, 1 c? 2 1/2 ( 2)1/2 da,
_3 _ _ 7 - da,
° o
? apD'D!-c? (1—773) Jda
B D aD’ 9 aD-l a aD'
el n1/2 27 (p — 20 P L app’ ap oD’
- 2 % (1 - 7%) p D oa %a D ?a
apD’'D"! - ¢2 (1— 773) 2 [apD'D'l o2 (1 _773)]2
Then
oM de’
%€ < S 4 sin & = 1 ,
Jde de Je ] e cos €
de’ _ a e 3b1
e a+b a+b, de|
a_b__ a2c2 (1 77) a_p 1 2 (ap_c2,’72) ac? op-1
de o) 34 *(1-7) S
L)
% = ~-2ae,
9D~ ! 9D
=-D2? —,
Jde de
3D 3
— = 2 (.2 P
ve [220 - o2 (73 + 1] 3e
And
oM 5
= = 2.2 -1 -1 v
30 QWEt +51—c Mg By B1B2) a_el_

13



14

.1 -1 oB
v 2 B, da; ~B_1 oB; 1 _1
! 2 B2 Jde a, de a,B, Jde ’
Eféj a'2 Efz
Jde de
da D' 9 oD’ ?
2 1 .111/2 [a p ap '
—_ == a+b — — 4+ — — + apD
e 2 [;L( D ] (D de D Qe

apD’
-% (a+b;)2 l:——- -c

oD’ oD
de Jde ,
9B, 3 9q 15 , 39q
de gq de * 32 a de
9q My O,
de - ;-2_ de '
2
97, _ a D’ 3p+ p oD’
Jde 27)2c2 D 9%9e D de
By ! _p-2 9B,
de 2 e’
9B, _1,%,9 5%
de 2 Jde 16 de
Bvl
Je 27

- [,u. (a +b1)'l]l/2 (a +b, +A1+cz77gl\2B1B;1)-2 [—

_ pD’ oD
Dz de /'

-1 M
=1 - (a +b, +A, +0277§A2B1B;1) 7 (a +bl)'2

3b,

e

3b,

de

[#(a +b)7]

oA,
+ —
de

=1/2



+
0
~~

-
®
)
VH
~
)
[
TN
I o
X
SN——
o
S
P
=2 | _U“

P, [a-e2""?] (n-2) [ .e2)”2]n-3 e(l -e2) 12

1/2]“'2

3
+ [(1-e?y = P, [(1-e2)y'%,

9
N ek

1 (1) (2n-2r - 4)! ] n-2r-3 3
= F Z r!(n-r—’m (n—2r—2)[(1_e2)1/2] o [(l_ez)-l/z],

r=0

% [(1-e?)172] = e(1-e2)272,

n=0

1 - e2)1/2 = b,\7"1 5 /b b
+ ( ep) Z n<?2> % <_§>Pn <b_:>Rn [(1_e2)1/2]

15




E ba)" b\ 3 2.1/2
n=0
—Ba—e (-2 s —eq1-e2y 172,

o 2] = n 9 _ -1/2
= &, [a-en = [a-en)" Tr, (- e

-e[1- 32)1/2]11-1 n(l-e?) 172 P, [(1 - ey 1/7],

9 2,-1/2
gpn [(l_e) ]

_ 1 - (—1)"(2n—2r)! _ _ a2y-1/2]n-2r-1 _a_ 1._e? -1/2
Y Z_: r!(n—r)!(n-2'rr)‘! (n-26) [(1 ) ] de [( ) ]

r

Also

v 2

g B sl(a+b, +A) A =—
¥—277 &4— L+ Byat ( 1 DA 52

day! » 34A;1
+ Byv, (@a+by +A ) A} —a;—+v2,82a2 (a+by +A;) —=—

16



where

3 .2 [ob, 2A
2 _ 1 J_2_a2\2 ;1A Bt (a+b, +A, +c®n2 A, B, B! e S
e R G R SRR RTNRR TR, D
2.2 1 oA, 2.2 -1 BB] BB.;‘
+c*nyB.B; 30 +cC 770A2 B a—e- +B, e
oA
1/2 __1p- 2.2 -1y-1 2
+ (a3 -a) ny1B;! (a+b, +A, +c?nA,B,B; ) o=
. TS I 2 2y1/2
+ A, B! (a+b, + A, +c™njA B B;Y) = [(az—aa) ]
, , °B3'
1/2 _. -1y - ,
+ (a3 -a3) ng! Ay (a+by +A; +c? 75 A;BB; ) de
3 [ 2 2 1/2] g -1/2 da, da
5o 3 -23) 7L = (ad-ed) ey o e
272 1/2
ai~": 1 - 0 (1_772)1/2&
de [apD'D'l—02 (l_ngﬂ 0 %e
. r 3 ’ -1
2,2 172 z’(al_p ap 9D’ + 9D
+02 (1—1’;2)1/2 1- Mo M \D T’ D Tt apD Je
2 0 r - :
[apDD 1-C2(1-77?,7J [apD D! - ¢ (1—773)]2

Now

3b ap-t 2
e SR S R B S SO |

17



oD - 8a2c2-r]0_2(ap_c2) C2T7°1

97,
?L‘ = 32_832(:2770_
97y 9T
And
oM M 3y,
= = — _27v,c? -1 -1
EE A PR P20 | 2a;1 B, B;
. o 9B, o BB‘21
+ a3 MoB, 3—770 +a 7I°B1:<)77—0
Bail
+ MeB, B, ,
oB1%2 T
oB 3q 1 3
_l :%q _q. + __5 q3 _Q_,
o o 2 Mo
% _ 1 _To %M
Mg My 2 97
o1, 1 ap 9D’ apD’ oD!
9M,  27M, \¢2p °7o c2 9
S L
975 2(a+b,)? 97,
> oD’ op! -1/2
— =1 -171/2 (2P + apD’ 2¢2 [a p'D!-c? 1—772]
To - 2 [+(a+Db) ] <D 37, ™ +2¢27, p ( 2)
£ a+b))"! -1/2 (a+b)? [apD'D‘1 -c? (1-772)]1/2 .?31_,
“g et ! 0 37,
Bas a, 3(12 a,
= =7 -
9n, &, 07, o 1-77(2)
.1 oD D! 2
Z[apD' pDl-c? (l—ng):l - (apD 1 3_770 +apD’ _3—77_0+2C T’o\)
2
oy (g _p2)1/2 ) : _ _
2 ( ) [apD'D‘l -c? (1-77‘;‘-,)] ‘ [2pD'D

18

-1/2
22
t-ct (1-m5)]



=2

2 -2 2
_—_ T e —
'6170 2 3770
Also

. a

- ST St |

3_1/1_ - -_1 (~2a)) 1/2 (a +b1 +Al +c? 77(2) AzBle ) 57

ano 2m ! 0

) -2 ob, 9A,;

/2 2, - _1 1

+(—2GL1)l (a +b; +A; +cing ABB; ) 370 +3n0

-1 2 -1 B_A2 2 ARB-L
+c2 27, A, B;B;! + 7% B,B; a%+no .B2

0

n-l . 3b b
e NG ) n(b—2> S 5= Pn<b—‘> R,., [(1-e'"7]
M, — P P 97,
@
b\n b
) n e
n=2
2,2 oo, 3p-1
b -1,y -1/2 “iprg S0 9D' 2 2p ,
- 2 =%( 22y lD') <2c21) ID'ng + D 37 +cng 37,
Mo
) p b, -p! b\ 2 (bl)
3m "\by/ ""\b,) 3my \b,
3 (b _ 1 °b, Eabz
974 \b, b, 97y 12 97,
o
CARREE 2 b 1/2
CL 1/2 _2 A 1 1-e2
—2 _p1(1-e?) n(p) m (p) Pn(b )Rn [¢ %
97, Z

o

°B
-4 7712) AB,
o

B;!
3770

L)]'



+2c? A,B,B; 0, + o’ B;B,"

And
daj!
9
e Ve P, BuAl(asb +A) ——
3 272772 B'r)
3770 Va Mo 0
94;? b, ©°A
- 2 S1p-1f 01 L\l
+Bv,a;t (a+by + A EEN + Bypay A <8770 +——8770
-1
A g2 2
97, 2 3m,
db, ©OA
v .2 . .
2 1 2 _,2\1/2 1 -1 2.2 .\
= — |- (a3~ A B a+b, +A +c*nZAB B <————+———
3n, 27 (o3 3) Tlo” Babo ( 17 3A,B, B;Y) 37, 37,
da, N
3B 3B;} 1 %A, 1 3B;' %23, "
+c2n2AB; ! —L 1 c2n2AB I B S D L ) . 0
Mo 22 3, 04271 RN 2 A2 3770 o 31, ag_a
Then
LS
Bvo sin & (1 —e2) Pa BMS
9a sin(M; +v,) (1 —e cos £y2 da
. 9 .
2 L 2
dv, (1-e?)sin € 5o +sin € o,
oe sin(M; +v,)(1 - e cos 8)2 de
vy sin € (1 —e?) 28 oM,
97 sin(M; +v) (1 - e cos &2 97, °m,
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A,

3770



where

where

a,
— = (g2 2 -1 -1 -3/72 __1
3a (a3 ~ad) 7y A,B; T vg (-2ay) da
Hbo BA2 ltbo ag_z aas
“A, Ba Gy — -—ay; =
A2 a 22 _ a2 da da
Bal n abl
3a 1+ 53 )
a8  2(a +b,)?
a—¢9 = 1 B_al s 1 & Lavo
Jde -Qal Jde A2 de v, de
1 da, day 1 9B,
f T le—'%-_a— -— == ¥
az = %3 de e B, e
aal } # abl
de 2a +bl)z de
1 da, . 1 94, . 1 9vg 1 da
—2a, °mn, A D a,
._2111 8770 A2 3770 VO 237;0 a2 2 2 877
M b v
— - -1 2.2 -1 0
L+ +(a +by) —(Al+c 770A2B1Bg)—
a +b1 < aa> da
-1
Ay L, (B, A B 3B,
B R R T T

21



22

L .1 Bvo
—= 2 _Li(as+b)) -(A1+c2772ABB'1)—

1/2

2 - %Y, Oy
+%(-2a_1)1/2 (ag—ag) o>

u cos (2y, +2‘/’o)<3— —_

a da

da da
1 -1 2 3 1 _. . ] -1
-3 (ag —a‘;‘) sin (24, +2¥,) <a2 L ) - 5 Sin (29, +24) (<2a,)

oM, M, b

1 1 2 1 BVO
_ e —_— - - 72 B, ——
de a+b, de +(a+by) (A1 +e M A, By 2) de

-Vo|l=— + _______+21—_

o9R-1
A, » B, aA2+ A, 3B, 5 9B
de B, %9e B, e

. d
2 -1/2 0
+% (—2(11)1/2 (ag - ag) 7]8 [COS (2\,[’5 +2Sb0)<a—es + g)

da da.

N

oM, -M,

3770 a+bl 'a,r]o 027172 'a,r)o

JA 9A °B
1 2.2 -1 2 2 -1 2,2 -1 1
-V, <a—770 +cC TfoBle -BTO + 2¢c B1B2 A2n0 +C noAsz —a%

9B;! 2 1 QOa
2.2 2 c -1/72 2 ,2\-1/2_3 = L
+ c*ngA,B, ano>_7(-2al) (a.2 ‘0“3) UH |:2 37, sin (2¢; + 2y)

3 1. s g
- 7(-2‘11)77_0 sin (2‘#5 + 25[/0) - (—20'1) cos (2¢Js + 2¢0) 'ano + a—o

da da
1 1 ;
+5(-2a) (ag - ag) sin 2y, +24,) (‘123—77: ~ %3 ﬁj‘)]

da

(ag _ag)'l sin (29 +2y,) ézz 3_:_a3 36-3.) _% sin (24, +24) (- 2a,)"?

Ba{l ’

1

da
de '



9E oM
1 _ . ! . -2 [, . o2F
g_(l—e cos &) E"Ml(l_e cos £) (e sxnsa—a

1 - M ’
_cose%e:>—Ml sing(l-e’ cose) 3 [—é-l a’aia

3 1 Il - ' 8 Be' l . 8 aMl
-z e'M(l-e cosE‘)l(e s1n8—a—c os € Ba), —M ctn 8__+ =
f

—= - - —e' -2 [er sin & £&_ =
Be = (1-e' cos &) 3% M; (1-¢’ cos h) <e sin £ 3 cos € Be)

M2

‘ M
-—21 (1-¢€' cos £€)3 sin £ de L

— -¢e' (1-¢ €-3yM, sin & —
- e’ (1-e'cost)M, sin 5

e’ ' - 2 38
——2-(1—e cos &) 3Mlcos 8-3;

3 ] ] ~4 22 . ] . 38 e’
tye (l-e cos €)"" M? sin £ (e 51n8-§——cos€a—- ,

e e

BE aM '
—L=(1-¢ cos€y! ———M (1-¢' cos £y? (e’ sinE'—ag—cosSa—e—)
3770 770 BT)O 8770

M, 3¢ oM
~M, sin&(1-¢' cosi‘f)'al:—1 =
! ( 2 3, 97,

'%e' (1-¢' cos Ei’)'lMl (e 51n€a_a€_—cosg B‘r]°>j|

o

23



Then

® °F,
2 .
dv, (1-¢?)sin (E+E)) (g*‘g (EMS+BVO>
oa sin(M, + vy +v,) [1-ecos (f +El)]2 %a  oa
. e 9E . 2
av, _(1—e2) sin (€ +E}) <§é—+5: + sin? (€ +E1)_(a_MS+Bv0>,
de sin (Mg + vy +v,) [1-e cos (E+EDI? oe 0
38 ©F,
—e?2) si y [——
3y, (1-e%)sin (€+E1) <3n0+ £ /3M, v,
c T \Em TEy)
0 sin (M, +V,+v,) [1-ecos (€+E})] 0 0
Now
Y da da da 3B
My Laepet s 1L 24 L (o, 220y 22)-ny 22
32 [‘/’1 8q B, Sln(2¢’s+2¢o):| |:—2a1 Sa + ag_ag %2 Sa %3 %a 2 3a
Jv JA oM v
- 1/2 -1 1 2 s 0
+(=2a)) 1/2 (ag _ag) " le [A2¥ + vy 5 +A,, cos (M, +V°)<B_a +B_a>
A JA
+ sin (Mg +vy) LI sin(2M + 2v,) 322
a
C R A Y 3y, 3y,
+2A22 cos (2M, +2v0) S5 +_B; +Z q“B; " cos (24 +2vyy) Sa +¥
o8
1 -1 aq 1 20-2 2
—gB 2 2 — = B,“ sin (2y_ +2 )
+4C12 Sln( ‘/Js'i' ‘#0) da 8q 2 (ll}s \pO) da
with

da

oA, o A,, 3p , (1_62)1/2 e I:bl 3p+ 1°b 2 (3b2 —b2) dp
- = - _ Tt T I T 1 2

da p QOa P p? da p O%a 3 2a

9b ob e?\ 1 9
1 2 27 2 p
+ <6b1_ —2b2 > + = b1b2 <1 +—) — —

1
; da da 2 p4 da

24



1/2 3b ob °b
22 %p  (1-e%) e 2 <6bl — - 2p, _’> - (362 -b2) % 2 ep2p3_t
8 da da 4p3 da 8 da

3b
9 27 o9p 3 1 2 3 1 9p
2 2 2 -4 3 2 4 _ 4 2 4
_.Ze b, p? — b2+§e b, b2 p 3a +—8 b, (6e +e)—p4 35 8b2 (6e® +e —ps_Ba

0.2—0,3

oy 1 1 9y 1 da, aa3> 1 °B,
- 2p-1 4j : - —f _a,—=) B! =
Erei [‘/’1 - §q B;' sin(2¢, + 2\/}0):] P e +— 7 \%2 3o ey 3o B, Se

dv
1 - 3 -1/2 1/2 __1pn- 1
+%q321 sin (2y, + 2xpo)a_:+ (-2, (ag -ag) 751831 l}z =

oA
TV

2 21

3A oM, v,
3 +A,, cos (Mg +V4) B_e+_3-é_

+sin (Mg +vy)

e

. %4A,, oM, ov,
+sin (2M, + 2Vp) 5 " 24,,c0s(2M, +2v,) et e

%Y, 3 9B
1 2n. s 9\ 1o, -2, 2
+34 lecoS(2¢s + 2‘»00) <3—e +B—eo>_§q2B2 sin (2y, + 2¥4) S0

with

e?\1°%, o ., _ 27 e?\ 1 3p
- 9b,b, (1 +—)— = -=bblple e b,b2 (1 +_4)__

25



3 1°5; 3,41
+5b3 (44 3e2)= 2_Zbt 2 (44 32 ap 9b4
272 o? de 2 ps( ) 702 ’
and
1/2
Phss_ Aje Ay, p ,(1-e) 16(3bf_b§)_1 _e_<3b2_bz)_13_p
e 1-e2 P e 4 1 2 e
b b
e 1 2y, 27 5 ,2 190P 9 .3 9 . 1 . 2
+ 3. L 2), 4 ez 1 9P 9 2 -3 2p2p-3 2.2 3_ "2
e (bl % P2 a)* 17272 5 T P2 P Sy P g PR
ob
3 1 op 2 3
~2pt(6e?+et) L P 3 ge2, 09y 1y 12e + 4¢3
g2 ¢ Lt % 8( )p423e 3 0P (e v ded);
oY da da da °B
_1: [\/}l_lquil sin(2¢s+2\/;0)] _1_ —1 +; 2—2-0.3._3 ._i _B'l__z.
an, 8 -2a;  87My a2 _aq? 97 O/ My 3y
ov %A oA
1/2
+(—2a1)'1/2(a,§—a§) 75 ' B! Az'a—l‘ + v, 3_2 +sin (M +v,) —21
770 7’0 a770
oM, ov, BA“
+A, cos (M_ +v,) + —— | + sin (2M  + 2v,)
21 s tVo s 0
3770 97, 37)0
A oM. 42 (BMS Bvo) 1 L 3q
+ c +2vy) l=— + =——]+ — qB;" sin (2 2 =
22 OS( s VO) 3770 +'a,r]0 +4 q 5, sin ( ‘/Js + ‘/'o) P o
. DY 3B
+iq2B§1 cos (2, +2y) < £ 0) 1 quiz sin (24, +2y,) 2,
4 3770 8 a"7()
with
3,, (1-e)%e [13b, 1 db, 3b
= —x— +— |(6b,—— -2b, 2
3my P P39m, P 97 37,
2 3b 2 9b
-3 (l+_e_>_ b2 —L -9b, <1 +_>i b, 2
2 4/ 3 37, p? 97,
+ = b3 (4 +3e%) 1 3b, |,
p* o7,
26




and

3b 3b
<6bl — -2p __’_> _9 erp2 L0
3 8

9 1 9b b
-= e?bb,— 2 , 3p3 (6e? ret) _ 2
4 p3 27 p* %o
Then
M ob dv 2A
oM, 2 <1+—1>—(a+b1)'1 Al——1+vl—1-
da a:+b da %a da

+ sin (M +v°)

Bvo
%a

M, Ove| 9,
+ 2A,, cos (2M_ + 2v;) Y A (2M; + 2v() 3

M,
+A 160s (Mg +vy) =t

2 (—2(11)-1/2

- % 9% sin (29 + 29) + 6—14-q2 sin(4y, + 4%)]

da da
1
-c2(-2a )1/2 3 (123—;'_a3'Tai> %l\/zl—ixplcos (2¢ +2y)

1 1 2\ 7372
_gq sin (2¢, + 2¢,) +_4q sin (4, +4\,DO (‘12’0'3)

a‘/’l 1 ‘Pl

lg-é—cos

-~1/2
+c2 (_szl)l/2 (ag —ag) 773 |:B 2y, + 2¢)

°B ) 9 Y
+yy ——ézl—+ Wy sin (29, + 24,) (Ta- + ?3)

3,

9
_> 116q cos (4, + 4Y,) < bs +

3y,
-%qﬂcos(mﬁ, + 2¢o)<-£+ 3

da -1/2
1 1
5= (ag - a§) UH [Bl¢1 —-2-5111 cos (2, + 2¥)

COA
“2a,

27



1 . 9 1 . 9
~2 gsin (24, + 2\//0)8—: + — qgsin (4, +4¢ro)a_::| ,

32
with
9b
3A 2 -4 9 1/2.3 2 -3 __2

and
%A 2

11 __ 9 2 172 . P
S - -Z(l-e) P 4e(-2b1b§p +bg) 3a

9b 3b 9p °ob
3 1/2 -3 2 1 2 3 2
2 - - —2 _ 2 =

tg (L=e?)ypie 2by;p - -4b,b,p 5~ -2b, b = +4by =—}
oM -M ov %A 9A
_2 _ 2 "1 b.)y-1<A —1 _1 i 1
3o Z+b, e (a +by) 1 5e V1352 + sin(M, +vy) Se

BMS avo aAlZ
+A;, cos (Mg +vy) +—) + sin (2M; +2v,)
Jde Jde de
M dv _ R da 1
+2A,, cos (2M, +2v0)<_s+ %) -2 (-2a,) 172 (ag —a";) 172 58 ! B — = i cos (24, +2yy)
de Jde de 2

1 . 1 . 1/2 .3/2.3 30.2 30.3
r q? sin(2y, + 2¢) + = q? sin (4, +4-\/10):l— c?(-2a,) (ag _ag) o \%2 5o "% 5o B, ¥,

- %"/’1 cos (29, +2¢0)~% g sin (24, +29y) + L o? sin (44, +4¢0)]
64

- Y 9B oY )
2 172 2 2\~1/2 4 1 1 . s o
y €2(-2ap) (on2 —a3> o I:Bl 5o * & Y + iy sin( 2y + 2y) S5 * 30

1 oYy 1 3
-5 cos (2y, +2y;) B_el “z q? cos (24, + 2¥5) <a—\l: +%>

Jde
1 3¢ 1 CA 3%)
"SI (2, Do) 5o g @ cos (B, *”“(Te Ty

1 . °q
+— 9 sin (4‘!’5 +4¢0) - ’
32 de

28



with

2 3A A A 3b 3b, 3b,
e CR S £ . e - s | S (—2b2p—_—4b1b2p——2bbzap+4b3
Je 1-e2 1 P de e -2b,b2p + b} e E e

and

3A,, 2A

3b
12 _ 12_3(1_ 2)'1/2b;e3p'3 g(l_ez)uzbgezp-s_z g(l_ez)l/zb;ei’p-‘ig_p

36 e ;"¢ * de 32

.
)

oM -M ob, SUN ov, oA, 9A,,
—_— — - b —_— _— i M =
N azb, 37, (a+b)) 13770+v1 3770+5m( s+v°)3"70

<BM Bvo> %A,
+A; cos(M; +v +=—— |+ sin(2M, + 2v
" 57 “ome ( 0=

oM, v,
) + 2A12 Ccos (2Ms + 2V0) '?77—' +3T}—0.

da
. - 1 1 .
-c?(-2a)) 12 (a§ - a§) ”27)3 B—nl [Bll,bl _5"[’1 cos (2¢, + 2¢,) -§q2 sin (2, + 2y4)
0

da da
| P 1/2 - 2 3 -3/2
+ga sin(4y, + 4t//o):| - c?(-2a)) <2 m—a:;a_no) (a2 _ag) B,Y,

__%5[;1 cos (25 + 2¢) —% q? sin (2y + 2¥4) +6—;q2sin(4\l/s + 4\/10):|

-1/2 1
+3c? (- 2q, )1/2 ( ;_a§> n2 [Bl‘/’l --i-k,blcos (2¢, +24y)

-%qz sin (24 +2v,) +6_11q2 sin (4, + 4¢:0)]

. 3 3B, by oY
42 (‘2‘11)1/2 (a§ _ag) 1/2 ,,73 |}1 a‘/’ P 3o +¢, sin 2y, +2t,b0)(a 37,0>

0

1 o 1 3q 1 o, oY
_Ecos (2¢, + 2¢lo)a—n:—zqsm 2y, + 2&//0)-3—7%—zq cos (2y, + 2¥1y) < .a_q:

1

1 3y, 3
+354 sin (4ys, +4\/z0 16q cos (4y, + 4¥,) < +§7%):|
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with

2A _2\172 3b 3b 5
1n_3d-¢9H e -2b§P——1- 4pb1b2_i+4bg__2. ,
on, 4 p3 97, 97, a7,
and
2A 9b
12_3 (1 _ )1/ perpes 2.
9m, 8 97,
Now
oFE [E) > e’
2 _ , -2 . ELS) 1\, o
a—a—-—M2 [1-e cos (E+ED)] sm(8+El)<a—a+ 3;) -cos (€+E;) 52
oM
+ [1-e' cos (E+Ep) -1 —3—;2-,
9E 38 JE
2_ e -2 [foc ") .. de’
5= M, [1 e’ cos (8+E1)] (3e+ ae)e sin(€ +E,) - cos (8+E1)-a?
oM
+ [1 - e’ cos (8+E1)] -1 B_:’
O, -2 . 28 9 de’
,6—770—--M2 [l—e cos(€+E1)] Sln(€+El)<a_%+a_%>e - cos (8+E1)-BTO
oM
+l-e cos (E+E)] =—2.
[ 1 ] a.qo
We now have B_E, :E, and & . Also
da de 9m,

30

da

da

v, (1-e?)sinE OE (BMS 9, a""1)

—_—t =+

sinv(1l - e cos Esz da  oa 9a




Since v=M, + v, + v, +

dv, OM, Ov, v,
% N\ T )
< (1-ecosE)? sinv € € €
9V  (1-e?ysinE  3E <5M 3Vo+a"1>
97y sinv (1 - e cosE)? 9y 3m, 9Mp 97
vy,
Bv_aMs 3v0+3v1+:6—\_\:z
ﬁ‘?“ﬁ %a  oa
v M. e PV Ve
Je de oe de de
by M vy v, By,
9my °mg 97, R/ 8770
a¢2 1 2p-1 3 2 - 3 2 ..
Fyel ¢:2—Zq B, cos(2¢s+2¢10)+§q sm(2¢zs+2¢0)—6_4q sin (4, + 4,)
1 Jda da 9B
+ 2 —a, =2 <12
a2 - a2 da 3 da 2 Qa

(1 -e?)sinE ?— -cos?E+1
e

R dv

# (= 20712 (a2 - a2) 12 noipyt [Az
avl i aMs avo
+A21 cos (M, +vy) B_a_A“VlSln Mg +vy) 5a + =

v
+2A,, cos (2M; +2v,) B—al + 2v; cos (2M, + 2v,)

9 s aVo . A23
-4A,, v, sin (2M; + 2v) el bl (3M, + 3v,) =
a
oM, 9ve) Ay, |
£ 35 cos (M, +3vg) \ 5 ) ¥ g sin (WM +dvo)

oA

Qda 2 Da

da

0A,,
Qda

2 2
—+Vv, =+ v,cos (M_+vg)

oA

21
da

L

2a

1

Bal
da
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aMs dv

R a—°)} +1o(3)m;* [8y cos (2w, + 240)

+%q2 sin (24, + 2¥o) _6_:31 q? sin (4y; + 4‘1’0)]

-Zq?B;? B [\P cos (20, + 2) + 2q? sin (24, + 2¥)
4 2 da 1 s 0 gq s 0

. oy ] Y, 3
_6_.:1 q? sin (4y, + 4‘!’0)] +% qu;I[._a—al cos (2¢, + 2¢) - 2y, sin (2, + 24) (-_a—a +.a_a°.>

! .
+-i—q<§ca—l)51n (2l,l/s + 2\/10) +%q2 cos (2, + 2‘,00)(—_63—

g, g
",

s By, o
3—32'Q(_a—:) sin (4, + 4Y,) - % q? cos (4y, + 4¢o)<_a;_ + _a_a2>:| ,

where
9 1/2 2
A“:_ﬁi 9_1’_+(1_"e_2_)_ e _b2p-325-_2_b‘_bl a_b_2 +3b1b2 Ei’r'34r4b31;,-4 E _4b4p_5_3_p ,
%a P ©Oa P 8 2 da p3 da p? %a 2 3a 2 da
Phrs Ay 302 Shyy 2p,
%a b, da p ©a
Also;
o
2 1 - 3
—=¢'——q2B1|:L/10052 +2 + 22 si 23 @2 si 1 920y
Se {2 1 2 1 (2¢, Yo) 8q sin (24, + 2¢,) 64q sin(4y, +4Y,) -'2_‘11 e
+ 1 <a 3?;2_(1 313 _B'la&
ag_ag 2 Je 3 Je 2 Qe
dv 9A %A
-1/2 2 2\1/2 . -1 2 2 21
+(-2a;) (az—as) 7701132 |:Az-¥+v2——az+ v, cos (M_s+vo)¥
ov, . OM, 09v, dv,
+A, cos (M + Vo)g'An"lsm M, +vy) —ae—+-¥ +2A,, cos (2M, + 2v0)$
32




A

22 . 3Ms 9 vy
+2v, cos (2M, + 2vo) —_‘5—6——4A22 vy sin (2M, +29p) \5= + 5~

9A aMs avO
23 :
+sin(3M, +3vo)?e— +3A,;5cos (3M +3v;) EREEY

BA,“ oM, a"o.»
+._a:_ sin(4M, +4v,) +4A,, cos (4M, +4vy) > + 3T

—_q (%:.) B;? [¢1 cos (29 +24q) +% a? sin (2, +2¢) - 6% a?sin (49, + 4¢°)]

1 2p-2 aB2 ] 3
-7 U8B —3—;[&#1 cos (24, +2V) +3 q? sin(2y, +2¥y)

_i_ 2 sin(4y ay ):|+_1_ 2 g1 a—lljl cos (2¢, + 24)
64q sin s t4¥, 4Cl 2 | Je s 0

3y, 3
- 24, sin (2, +2,) <% + a—:) +-3— q (B_:) sin (2, +2¢;)

CIRY .
+% q? cos (2 Y, +2¢,) <3—e + ._°> 3 q <%ie> sin (4, +4Yy)

e/ 32
Y. D
3 s 0
- = q? cos(4y, +4Y (— + -—-) )
16 q ( s o) Je Je
where
3A A _e2 /2 o3 b
23 A, o . 23 3p 3A,;, ,(1-¢%) e _b2p3 1
de 1_e? P de e p de
2b,b, b 3b, b2 4 3
ST 2, T2 0P gpipt SR oapthl )
p3 de p* e de
My Ay BA, op Ay b, ey
de - Se



And

= {¢2 -%q2Bil [x/:l cos (2¢, + 2v,) +-§-q2 sin(2y, + 2y,) - G—iqz sin(4y_ + 4\//0)}} a

a
2
3

ov
-1/2 1/2 .1 p-
+(-24a,) / (ag—a.g) 7! B3l (A, = +v,

+
2
a2—a

ov, oM,
+A,, cos (M +vo)———A vy sin (Mg +v0)
97 o

+24,,
o

-4A,, v, sin(2M; +2v,) <

oM
3770

s

+3A,; cos (3M; +3vg) <

M,

+4A,, cos (4M; +4vy) <3_'r);

3 5. 3 4.
+3@° sin(2Y, +24,) - 7 @ sin(4y, +4%)] +74

CVA

-2y, sin (24 + 2v) <377 o+

(]

3 S,
+Z q? cos (2y, +2,) <

where

2
3A,, (1 b2

) —82)1/2
97y P P

3770

oo]m
w

34

ov
cos (2M, +2v,) gn—l+2v1 cos (2M, +2v,) 3

oM,

+ﬁ + 1 qﬁg-l__l_q
37, 2 "om, 2 4

1 9%

1 97

da, da, gt 9B, 1
253, ~ %33, 2 30T
Mo o To "o
QA %A
2 2 21
—= +v, cos (M, +v,)
a770 2 3770 ! s 0 3770
dv

Vo
3770

(]

dv 9A
+—2) +sin(3M, +3v,) 5 23
0

T

ov,\ A
P}
3770 a'no

sin (4M, + 4vy)

2B;? EB—z l:\/.v cos (2, +24,)
37, 1 s 0

1 2 B! cos (2 +2¥,)

3_7}0> *3 q<—37(>51n (29 +2¢,)

oY, 3 3 3 3y,
37]0> 5 a <3:‘)o>sm (4\/) +4\I10)--— q? cos (4, +4¥%y) <3

0

9y
3770 ’

ob, 2b, b, 9b,

4b3 ob,
03 3770 134 3770



oy
Wenowhave = 0 e
Then
B_(é = (a2 a
da

oy

oy

, and FE Also

i& - (1 - 77%) sin ¢ Y

da sin ) (1 - "r;g Sin2¢)3/2
_al ( g) siny )

de siny ( sxn2¢)3/2 de
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Now

E}
?)7754 sin an:l i}
de

3
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Ifm is even
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In these equations
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Similarly,
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m
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]/2 2 2 -
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i, m 7m X
. S nNr T 01’
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Proceeding as before, we obtain the six first partial derivatives of the ‘w* equation of condition:

BMC

da

BMC

de
oM
97,
oM

98,

oM
98,

= K,, K

o1 Koo + Kog Kyy + Ko3 Ky

= K,, K

01 Kaa + Kog Kyy + Koy Ky

= Ky; Ky + Koy Kyy + Ko3 Kpgs

= Kyy Kyg +Koq Kyg +Ko3 K3y

= Ky, Ky, + Koy Ky + Koz Ky
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oM,
—= =Ky K5 +Kog Kz + K3 Ky

98,

REMARKS

Preliminary tests for Explorer XI (1961 »1) on the IBM 7090 computer indicate that the orbit
generator portion can compute approximately 1600 minute points (time, x, y, z, %, y, and z, 1600
times) per minute of computer operation, while simultaneously producing BCD tape. Consequently,
since the differential correction for the orbit is an analytic one, it is expected to go proportionately
as fast as the orbit generator. Also, such expressions as 2A,,/e and -A,;e/1 - e?, for example, are
actually computed as

A 4
172, e 2.-3

3 .
(_blbzp + b;p 4)3

% (1 - ez)l/2 biep® and -(1 - €?) p

in order to avoid the possibility of indeterminate forms.

The computation of coordinates and the corresponding differential correction for the case of
equatorial orbits has been completed, as have the first partials for the range and range rate tracking
method (Appendix A). Both are to be incorporated into the general Vinti satellite orbit computation
program, along with the coordinate changes due to the effects of the residual oblateness potential now
unaccounted for. A refined version of this satellite orbit computation is to contain corrections for
aerodynamic and electromagnetic drag and lunar-solar forces.
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APPENDIX A

Computation with Range and Range Rate Data

Since the partial expressions 3E/3q, , 3//3q, and 3¢/3q, are derived from Vinti's kinetic equa-
tions, to handle range and range rate data in the orbit improvement method the following procedure
is utilized.

Denote the slant range from the point of observation as
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Since p = a(1 - e cos E)

with
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